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Abstract
An interpretation of the quadratic parameter of the Ginzburg-Landau theory of superconductivity is presented in this
paper. The negative term in the potential, which allows the spontaneous symmetry breaking, is interpreted as a direct
contribution from the energy gap at the Fermi surface to the effective potential. As a result, in the London approximation of
the Ginzburg-Landau theory for type-II superconductors, a strong correlation is predicted and observed between the upper
critical field at zero kelvin and the critical temperature in high temperature superconductors.
The following paper is published in Europhysics Letters: http://iopscience.iop.org/0295-5075/107/2/27001
INTRODUCTION
The Ginzburg-Landau theory of superconductivity at
zero kelvin is defined by the following hamiltonian [1]:
H(ψ,∇ψ,A,∇A) = 1
2m
(∇+ 2ieA)ψ∗ (∇− 2ieA)ψ
+ α|ψ|2 + β
2
|ψ|4
+
1
2µ0
(∇×A)2 , (1)
with the order parameter ψ(x) = ρ(x)eiθ(x), where ρ(x)
and θ(x) are real fields, A is the vector field, 2e is the
electric charge of the Cooper pairs [2–4], and the real
constants α and β are the quadratic and quartic param-
eters, respectively. In fact, the quartic potential is of the
same type that appears in the Higgs mechanism to gener-
ate mass terms for gauge bosons in the Standard Model
of particle physics [5–8], and led to the prediction of a
scalar massive particle commonly known as Higgs boson.
The recent observation of a Higgs-like signal in the mass
range of 124-126 GeV at the Large Hadron Collider is
a likely candidate [9, 10], with no significant deviations
from the predicted Standard Model Higgs boson proper-
ties observed to date.
In the Higgs mechanism, the potential, V (ψ) = α|ψ|2+
β
2 |ψ|4, must take a negative mass parameter α, to gen-
erate a non-zero minimum with an infinite number of
degenerate states,
〈ψ〉2 = ρ20 = −
α
β
, (2)
By setting the gauge θ(x) = 0, the symmetry is sponta-
neously broken, giving rise to a mass term for the vector
field, known as the Meissner-Higgs mass [11–18],
H(ψ,∇ψ,A,∇A) = 1
2m
(∇ρ)2 + V (ρ) + 2e
2ρ2
m
A2
+
1
2µ0
(∇×A)2 . (3)
This mass term, together with the scalar field mass term,
can be associated with two characteristic lengths of a
superconductor,
λL =
√
m
4µ0e2ρ20
, ξ =
√
h¯
4m|α| . (4)
the London penetration length, and the coherence length,
respectively. In fact, the Ginzburg-Landau parameter
κ ≡ λL/ξ distinguishes two types of superconductors,
κ > 1/
√
2 for type-I and κ < 1/
√
2, for type-II supercon-
ductors [19–22]. Moreover, the condensation energy, i.e.
the necessary energy to restore the vacuum symmetry,
also allows interesting properties to unfold, such as the
thermodynamic critical magnetic field,
Bc =
1
4
h¯
e
1
λLξ
. (5)
In the case of type-II superconductors, the thermody-
namic critical field relates to the upper field as,
Bc2 =
√
2
λL
ξ
Bc =
√
2
4
h¯
e
1
ξ2
. (6)
As in the electroweak interactions, the scalar field can
be expanded as,
ρ(x) = ρ0 + h(x) , (7)
where h(x) is the Higgs field corresponding to the fluc-
tuations around the ground state. In the context of a
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(3+1)-dimensional scalar electrodynamical Higgs model,
possessing canonical commutation rules, this scalar field
can be regarded as a particle [23], as the Higgs boson
in the electroweak theory. This concept led to the dis-
covery of pions as the quantum of the forces of nuclear
interactions in the first half of the twentieth century, and
instigated the search for a Higgs boson during several
decades in a number of particle physics accelerators. As
such, the hamiltonian (3) written in terms of the Higgs
field,
H(h,∇h,A,∇A) = 1
2m
(∇h)2 + 2e
2ρ20
m
A2
+
2e2
m
h2A2 +
4e2ρ0
m
hA2
+ 2βρ20h
2 + 2βρ0h
3 +
1
2
βh4
+
1
2µ0
(∇×A)2 , (8)
gives rise to several interaction vertices at tree level, de-
picted in Figure 1. The meaning of such Higgs field in the
case of superconductivity and, in particular, the physical
interpretation of its mass, will be discussed ahead.
The Ginzburg-Landau theory can be nowadays re-
garded as a predecessor of what is now called (3+1)-
dimensional scalar quantum electrodynamics, that was
studied in detail by Coleman and Weinberg [24, 25]. The
multiple successes of the theory, from the description
of the phase transition to the prediction of a coherence
length or quantum vortices [26], have established it as the
main macroscopic quantum theory of superconductivity.
However, there are still a few details open to discussion,
such as the physical interpretation of its phenomenolog-
ical parameters, which can unfold interesting properties.
It should be stressed, however, that the Ginzburg-Landau
theory, in the London approximation, shall only be ap-
plied to type-II superconductors with large GL parame-
ters, also known as “clean” superconductors. In type-I
superconductors, the penetration length is of the same
order of magnitude or smaller than the coherence length,
yielding non-local effects, and therefore, the Pippard’s
model must be taken into account [27].
CORRELATION BETWEEN UPPER CRITICAL
FIELD AND CRITICAL TEMPERATURE
In the Ginzburg-Landau theory, the pairing energy, or
energy gap, resulting from the attractive potential bind-
ing electrons together, is not explicitly included, as the
phenomenological constants are free, and fixed by the
experiment. In fact, both the quadratic and quartic pa-
rameters can be microscopically derived from BCS theory
near the phase transition in terms of the critical temper-
h
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FIG. 1: Interaction vertices of the Higgs field and the massive
gauge field Aµ at tree level.
ature and the Fermi energy [28],
α = −6pi
2(kTc)
2
7ζ(3)0F
(
1− T
Tc
)
, β = −6pi
2(kTc)
2
7ζ(3)0F ρ
2
0
, (9)
where ζ is the zeta function, and 0F is the Fermi en-
ergy. However, assuming the BCS relation for the co-
herence length, the Fermi velocity, and the energy gap,
2
this result is consistent with the Ginzburg-Landau the-
ory predictions, and therefore, no additional information
can be extracted from it. The quadratic term vanishes as
the superconducting gap converges to zero at the critical
temperature, and so does the density of pairs. In other
words, the vacuum expectation value of the quartic po-
tential becomes zero and the symmetry is restored.
In this paper, the negative contribution to the effec-
tive potential is assumed to be directly related to the en-
ergy gap, leading to important implications. The main
motivation for this assumption lies in the fact that the
pairing energy should be the only source of a negative
energy density in the macroscopic Ginzburg-Landau the-
ory, proportional to the density of pairs. As such, the
effective potential becomes,
V (ρ) = −2∆ρ2 + 1
2
βρ4 , (10)
where the first term corresponds to the energy density
resulting from the binding energy. It should be stressed,
however, that this assumption is only valid at zero kelvin.
At a finite temperature new quadratic and quartic contri-
butions arise, and such conjecture is no longer reasonable.
As in high-temperature superconductors the pairing
usually holds a d -wave symmetry, the mean-field BCS
theory for d -wave superconductors predicts an energy
gap proportional to the critical temperature,
∆ = 2.14kTc . (11)
Despite the observed violation of the BCS result, espe-
cially in underdoped cuprates, data from ARPES and
tunnel spectroscopy reveal that the superconducting en-
ergy gap magnitude at the gap nodes is in fact propor-
tional to the critical temperature for both overdoped and
underdoped high temperature superconductors, in agree-
ment with the mean-field BCS scaling law. A detailed
discussion on this topic by Panagopoulos and Xiang can
be found in [29]. In this scenario, a relation between
the upper critical field and the critical temperature is,
therefore, straightforward,
Bc2 =
2.14√
2
km
h¯e
Tc , (12)
where
2.14√
2
km
h¯e
≈ 1.13 T/K . (13)
The predicted linearity between the upper critical field
and the critical temperature for clean high-temperature
superconductors can be observed in Figure 2 for several
materials. The experimental data points were extracted
from [30], and only superconductors with k ≥ 100 were
considered. The strong correlation observed corroborates
the predicted relation between the two observables. How-
ever, it cannot be regarded as a fundamental relation of
superconductivity, but more as a phenomenological cor-
relation, due to the difficulties mentioned aboved and the
variety of symmetries in superconductors pairing. Fur-
thermore, no quantum corrections to the quartic poten-
tial were taken into account in these calculations, as only
classical tree level contributions were considered.
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FIG. 2: Correlation between the upper critical field and the
critical temperature for several clean high-temperature super-
conductors.
In this model, the scalar field, h(x), permeates the su-
perconducting bulk, giving mass to photons, and there-
fore, suppressing the electromagnetic interaction inside.
This massive scalar field corresponds to a collective ex-
citation of the Cooper pairs in the lattice, which have a
kinetic mass of 2m. Such kinetic mass competes directly
with the energy gap resulting from the attractive poten-
tial between the pairing electrons. However, since the
electron mass is much larger than the pairing energy, its
contribution is usually neglected. On the other hand, the
negative component of the effective potential, interpreted
here as a contribution from the binding energy, can be
directly related to the mass of the scalar Higgs-like field,
mh =
1
2
∂2V
∂h2
∣∣∣∣
h=0
= ρ20β = |α| = 2∆ . (14)
SUMMARY
In this letter, the negative quadratic contribution to
the effective potential of the Ginzburg-Landau theory,
at zero kelvin, is conjectured to be directly due to
the pairing energy between electrons. Such assumption
leads to correlations between observables for clean high-
temperature superconductors, corroborated with experi-
mental data. Furthermore, the meaning of the Higgs field
and its mass inside the superconductor are also discussed
in the context of (3+1)-dimensional scalar quantum elec-
trodynamics, allowing for a quasi-particle interpretation.
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